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Experimental confirmation of transverse focusing and adiabatic damping
in a standing wave linear accelerator

S. Reiche,* J. B. Rosenzweig, S. Anderson, P. Frigola, M. Hogan, A. Murokh, C. Pellegrini, L. Serafini,† G. Travish, and
A. Tremaine

Department of Physics and Astronomy, University of California, Los Angeles, Los Angeles, California 90095-1547
~Received 28 February 1997!

The measurement of the transverse phase-space map, or transport matrix, of a relativistic electron in a
high-gradient, radio-frequency linear accelerator~rf linac! at the UCLA photoinjector is reported. This matrix,
which indicates the effects of acceleration~adiabatic damping!, first-order transient focusing, and ponderomo-
tive second-order focusing, is measured as a function of both rf field amplitude and phase in the linac. The
elements of the matrix, determined by observation of centroid motion at a set of downstream diagnostics due
to deflections induced by a set of upstream steering magnets, compare well with previously developed ana-
lytical theory@J. Rosenzweig and L. Serafini, Phys. Rev. E49, 1599~1994!#. The determinant of the matrix is
obtained, yielding a direct confirmation of trace space adiabatic damping. Implications of these results on beam
optics at moderate energy in high-gradient linear accelerators such as rf photoinjectors are discussed.
@S1063-651X~97!09508-1#

PACS number~s!: 41.75.Ht, 41.85.2p, 29.17.1w, 29.27.Bd
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With the rise in use of high-gradient radio-frequency li
ear accelerators~rf linacs! in devices such as rf photoinjec
tors @1# and linear collider test facilities@2#, there has been
increased attention placed on the strong transverse focu
effects present in these devices. These effects, which are
both to first-order transient effects at the entrance and ex
a linac and to second-order ponderomotive~alternating gra-
dient! effects in the body of the periodic linac structure, a
of primary importance in understanding the beam transp
in moderate energy sections (5,g5E/mec

2,100) of elec-
tron accelerators. While theoretical analyses of the focus
properties of linacs date back to the 1960s@3,4#, recent work
has produced a more detailed understanding of the pond
motive force@5# and analytical solutions of these equatio
for arbitrary acceleration phase and spatial harmonic con
of the rf fields have been found@6#, which led to a matrix
description of the trace space transport.

This matrix treatment of beam dynamics in high-gradie
rf linacs, as well as the underlying analytical model for t
averaged~over a rf period! transverse forces, has formed th
underpinning of much recent work, from the optics of line
collider test facilities@2# to the full theory of space-charge
dominated beam dynamics in rf photoinjectors@7#. While
these implementations of the theory have been comp
positively with computer simulation, there has been, ho
ever, no effort to date, to the authors’ knowledge, to ver
the theoretical advances with experiment. This paper p
sents such a verification.

The trace space transport matrix corresponding to a
linac, which upon multiplication of a transverse trace spa
vector, e.g. (x,x8), gives the mapping of this vector throug
the linac, has been derived recently for arbitrary rf pha
amplitude, and spatial harmonic content in the linac. Incl
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ing all terms to second order in the average accelerating
dient eE0cos(f)[g8mec

2, whereE0 is the amplitude of the
synchronous (vf>c) spatial harmonic wave component o
the rf field andf5vt2kz is the phase defined with respe
to the maximum acceleration in this wave, the action o
ponderomotive force can be obtained to second order by
eraging over the fast alternating gradient first-order for
and the induced lowest-order oscillatory motion, as@5,6#

F̄ r5
~qE0!2

8gm0c2 r (
n51

`

bn
21b2n

2 12bnb2ncos~2f!

[h~f!
~qE0!2

8gm0c2 r . ~1!

The coefficientsbn are the Floquet amplitudes of the spat
harmonics, defined by the expression, valid for an ultrare
tivistic (vb>c) electron,

Ez>E0ReF (
n52`

`

bnei ~2k0nz1f!G , ~2!

wherek05c/d5v/c andc is the rf phase shift per period o
the linac, withc5p in the structure considered here. Th
coefficientsbn have been determined for this structure
mapping the on-axis longitudinal profile of the field using
bead frequency perturbation technique. The fundamentan
50) component of the field, with the coefficient normalize
to unity, provides the only significant secular~averaged over
a period! acceleration, with nearly negligible transverse e
fects. The other field components, the nonsynchronous
tial harmonics, contribute almost no net secular accelerat
but give rise to second-order focusing through an alterna
gradient or ponderomotive effect@5,6#. Typically, forward
and backward wave components of the nonsynchronous
monics have degenerate frequencies in the frame of the
3572 © 1997 The American Physical Society
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56 3573EXPERIMENTAL CONFIRMATION OF TRANSVERSE . . .
tivistic electron and therefore interfere, as shown in the fo
of the terms of the series making uph~f!.

From the averaged force, the differential equation gove
ing the secular trajectory of the electron, about which th
fast oscillations induced in first order are performed, is
rived,

x91S g8

g D x81
h~f!

8 cos2~f! S g8

g D 2

x50. ~3!

This linear differential equation is of Cauchy form and
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general solutions, given in matrix form, can be found in R
@6#. At the ends of a rf structure, there are first-order transi
angular kicks associated with entering and exiting the frin
ing field that are not immediately canceled in first order b
nearby kick. These kicks, again valid when considering
secular trajectory, are given by6g8/2g for the exit and en-
trance regions, respectively. Multiplying the matrices asso
ated with the entrance, interior, and exit of the linac, we ha
the full trace space transport matrix
M5F cos~a!2A 2

h~f!
cos~f!sin~a! A 8

h~f!

g i

g8
cos~f!sin~a!

2
g8

g f
F sin~f!

A2h~f!
1Ah~f!

8

1

cos~f!Gsin~a!
g i

g f
Fcos~a!1A 2

h~f!
cos~f!sin~a!G G . ~4!
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a5SAh~f!/8

cos~f!
D lnFg f

g i
G ,

with g i and g f the initial and final Lorentz factors of th
electron, respectively, which are simply related byg f5g i
1g8L, with L equal to the length of the linac section an
g8mec

2 equal to the averaged~over a period of the linac!
acceleration gradient.

An additional condition on the validity of the matri
given in Eq.~4! is that the transport of electrons must be
the region near the axis, so that the transverse fields are g
for all significant spatial harmonics by a linear Taylor-ser
expansion in the radius. This condition can be qualitativ
stated by requiring that the beam excursion be small c
pared to the rf structure iris size.

It should be noted that the matrixM given in Eq. ~4!
contains information about two distinct physical effects:
cusing and adiabatic damping of trace space trajectories
fact, this matrix can be shown to be factorizable into tw
matrices@2#, one with a unity determinant that displays on
a focusing transformation and one that displays only ad
batic damping, i.e., contracts the trace space anglex8 by the
factor g i /g f , with this value for the determinant. Thus th
determinant of the full matrixM , as can also be verified
from Eq. ~4!, is the ratio of beam energies det(M)5gi /gf ,
expressing exactly, in the limit thatvb→c, the trace space
damping associated with acceleration in the linac.

The layout for the present experiments is displayed in F
1. The linac shown here is a component of the UCLA Ph
toinjector, a rf accelerating section that boosts the energ
a 3.6-MeV photoelectron beam extracted from a hig
gradient 1.5 cellp-mode rf gun to approximately 12.8 MeV
at maximum in these experiments. This linac is construc
of a novel, high shunt impedance design known as a pla
wave transformer@8# ~PWT! and has non-negligible spatia
harmonic content@e.g., h(0)51.23#. The experimental ar-
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rangement is nearly ideal for observing the focusing a
adiabatic damping predicted by the matrix given in Eq.~4!.
This is due to a number of advantages, the first being that
beam can be viewed as essentially pointlike for the purp
of centroid measurements, as it has a short rms phase e
sf>1° ~as determined by coherent transition radiation@9#
measurements!, a low rms normalized emittance, measur
as«n,1025 m rad, and moderately large charge per bun
Q>200 pC. This charge is large enough to clearly obse
the photoelectrons over the dark-current background,
small enough that collective effects on the centroid moti
such as transverse wake fields, can be neglected.

The additional advantage this arrangement offers is
the matrix elements to be measured are most strongly de
dent on the ratiog f /g i and ong8. The PWT is by nature a
high-gradient linac (g8<50 m21), with moderate lengthL
542 cm, and thus to obtain a large valueg f /g i one needs to
inject only a relatively small initial energyg imec

2. This en-
ergy cannot, however, be made arbitrarily small due to
constraint thatvb>c and a related requirement that the re
tive energy gain per period of the linac be much smaller th
unity, both of which are required in order to guarantee
validity of Eq. ~1!. Thus the injection energy given by the
gun~which must in fact produce a relativistic beam due to
extraction dynamics! is nearly ideal for maximizing the ma

FIG. 1. Layout of the UCLA photoinjector with a~a! 1.5 cell rf
gun, ~b! focusing and bucking solenoid,~c! mirror box, steering
magnets~d! K1 and~e! K2, ~f! phosphor screenP1, ~g! PWT linac,
~h! phosphor screenP2, ~i! quadrupole triplet, and~j! phosphor
screenP3.
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trix elements given in Eq.~1!.
In order to determine the transfer matrix of the PW

linac, the centroid of the photoelectron beam is measu
using a differential steering technique originally develop
to calibrate the beam energy after the gun. For this meas
ment, the currentI of steering ~or kicker! magnetK1 is
swept while monitoring the centroid position of the electr
beam on the downstream phosphor screenP1. The image of
the beam at the phosphor is obtained with a charge cou
device camera, with the video output recorded by a trigg
able digitizing frame grabber. The frame grabber outpu
further analyzed using on-line software running on a Mac
tosh personal computer, which also serves to control
read back the steering magnets. The near-axis field inte
*By(I ,z)dz of the horizontally deflecting steering magne
was determined with Hall probe measurements and the p
phor screens and related video calibrations performed be
the experiments. The momentum of the beam is determ
from the differential change of the centroid position wi
currentdxc /dI, by use of the paraxial relation

p0>eL11

dI

dxc

d

dI E Bydz,

with L11 equal to the drift length between the center ofK1
and the first phosphor screenP1, and the mean beam mo
mentum in the gun-to-linac section ispi5b ig imec

2

5Ag i
221mec

2.
This method of momentum determination helps estab

the initial conditions of the beam and also forms the tech
cal basis for the matrix element measurements. As it is
ficult to determine the actual electromagnetic center of
linac with respect to the insertable phosphor diagnostics,
were forced to use a differential steering technique. In t
case, one of the low-energy magnets previous to the li
~K1 or K2! was swept, while the centroid motion of th
beam was observed to be downstream of the linac~P2 or
P3!. The four combinations of the steering magnets and
servation points, along with knowledge of the drift length
integrated field of the steering magnets, and precise cali
tion of the video images of the phosphor screens, give f
measured quantities that allow reconstruction of the lin
transport matrix.

For the matrix measurements, the two steering mag
were placed distances ofL1544 cm andL2523 cm up-
stream of the linac entrance. The beam profile detec
screensP2 and P3 are located at distances ofL3531 cm
andL4596 cm downstream of the linac. The magnetic fl
densities of the three quadrupoles located between the
ond and third screens were carefully reduced to minimize
perturbing field gradients to a level of 3 G/cm or less, wh
produces negligible effects on the high-energy beam pro
gation.

In order to compare these results with the predictions
Eq. ~4!, we must also measure the energy before~described
above! and after the linac. The post-linac energy measu
ment is performed by use of the spectrometer downstream
P3 ~not shown in Fig. 1!. Once the maximum acceleratio
for a given amount of rf power directed into the linac
determined with the spectrometer, the phase correspon
to the pointf5p/2 and the average accelerating gradie
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the phase of the beam injection relative to the linac can
varied by use of a calibrated phase shifter in the wavegu
feed to the linac. The relative power variation to the lin
due to the use of the phase shifter is negligible, while use
a waveguide attenuator produces large phase shifts. Thu
the overall power level fed to the linac is varied~in order to
changeE0!, then the optimal accelerating phase must be
determined by the spectrometer energy measurement.

In the initial round of experiments, the dependence of
matrix elements on the linac injection phase was measu
For each phase, we swept through eight different current
the steering magnets and obtained a linear fit to the resu
centroid motion at the phosphor screens. Three notice
effects were the source of small errors in this method:~i! a
large amount of dark current emitted from the gun,~ii ! trans-
verse centroid injection errors arising from cathode drive
ser pointing jitter, and~iii ! a slow drift in the photocathode
drive laser injection phase. This third effect allowed data
be taken over only a limited time span, with all data taken
a single session to ensure the reproducibility of condition

The data resulting from these measurements are show
Fig. 2, which also gives the calculated values of the centr
sweep rate using the transport derived from theM matrix
and the relevant drift matrices. There is fairly good agre
ment for all four measurement sets between the predict
and data over all phases where reliable measurements c
be made, with a slightly larger sensitivity on phase offs
from the crest displayed by the data. Note also the lar
error bars associated with two measurements made at sc
P3 shown in Figs. 2~c! and 2~d! for phases of22.2° and
110°. TheP3 data were inherently more difficult to obtai
because the photoelectron beam was much larger in size
at P2 and the two more uncertain points suffered from lar
interference from the dark current background at their s
cific running conditions.

In order to establish the importance of the rf focusing
these measurements, we have also plotted the predic
derived from matrix transformations obtained in the lim
h→0 in Fig. 2. It can be seen that the agreement with
data is quite poor if the focusing component of the transf
mation is ignored, establishing the importance of the foc
ing effects.

The data shown in Fig. 2 can also be inverted to give
elements of theM matrix, with the results shown in Fig. 3
The relative experimental uncertainty shown by the er
bars is larger than for the data sets due to the higher-o
sensitivity introduced by the inversion process. Also sho
in Fig. 3 are the theoretical predictions for theM matrix.
Since the matrix elements were more sensitive to the exp
mental noise in the data, we also fit the data to a quadrati
f and then used the resulting filtered data function in
inversion routine to generate a smooth fit inf for the matrix
elements. As can be seen, this fit agrees quite well with
oretical predictions.

As a final check on the validity of these data sets and
independently verify the adiabatic damping component
the transformation, in Fig. 4 we display the experimenta
derived values of det(M) as well as the predicted value
g i /g f . Because of the form of the algebraic relation betwe
the determinant and the matrix elements, the relative exp
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56 3575EXPERIMENTAL CONFIRMATION OF TRANSVERSE . . .
FIG. 2. ~a! Centroid motiondxc /du due to steering magnetK1
measured on phosphor screenP2, ~b! centroid motiondxc /du due
to steering magnetK1 measured on phosphor screenP3, ~c! cen-
troid motiondxc /du due to steering magnetK2 measured on phos
phor screenP2, and ~d! centroid motiondxc /du due to steering
magnetK2 measured on phosphor screenP3, for different accel-
eration phasesf. Data obtained are marked by diamonds, with p
dictions from the matrix shown in Eq.~4! given by the solid line
and the dashed line showing predictions if focusing effects are
nored~by the limit h→0! in the matrix.
mental uncertainty in det(M) is no larger than for the ele
ments themselves. We have also plotted the values
det(M) obtained from the quadratic fit to the raw data. N
too surprisingly, this produces agreement with theory as c
sistent as the agreement found for the matrix elements.

-

-

FIG. 3. Matrix elements of the transverse trace space map o
PWT linac:~a! M11, ~b! M12, ~c! M21, and~d! M22, as a function
of phasef. The values obtained from inverting a quadratic fit to t
raw data are drawn by a solid line and the theoretical values b
dashed line. The matrix elementsM12 andM21 are weighted by the
factorsg8/g0 andg0 /g8, respectively, to normalize all matrix ele
ments.
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3576 56S. REICHEet al.
In order to complete a parametric study of the predictio
of Eq. ~4! and explore the adiabatic damping effects in mo
detail, we undertook a set of measurements of the ma
elements’ dependence onE0 . In this case the rf attenuato
was used to lessen the power fed into the linac, yieldi
after resetting the phase to optimal acceleration, final be
energies of 7.1, 8.7, 10.6, and 12.8 MeV or average acce
ating fields ofE058.3, 12.1, 16.6, and 21.9 MV/m, respe
tively. The raw data for the beam sweeping measurem
are shown in this case in Fig. 5, along with the predictio
derived from Eq.~4!. Agreement a bit worse in quality tha
that found in the phase variation case is obtained for
range of accelerating fields. These data can then be inve
as before to give the matrix elements. These experimen
derived determinants are plotted in Fig. 6, along with
predicted values ofg f /g i . This plot, which shows the ex

FIG. 4. Determinant of the transverse trace space map for
ferent acceleration phasesf. The values for the inverted fit to th
data are represented by the solid line and for the theoretical pre
tions by the dashed line.

FIG. 5. Centroid motiondxc /du on ~a! phosphor screenP2 and
~b! phosphor screenP3 as a function of acceleration gradientsg8.
Data obtained using steering magnetK1 are marked by diamonds
with the theoretical predictions for this case given by the solid li
the data fromK2 are designated by boxes, with dashed line sho
ing predictions.
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pected behavior quite well, is taken along with Fig. 4, co
vincing direct evidence for the adiabatic damping of tran
verse ‘‘action,’’ or area, in trace space.

In conclusion, these sets of measurements have prov
verification of the theoretical model developed in Refs.@5,6#
of linear transverse dynamics of electrons undergoing sim
taneous strong acceleration as well as first- and second-o
transverse focusing in a rf linac. The matrix treatment of
dynamics predicted by this model has been directly tes
with the experimentally derived matrix elements in fair
close agreement with the model derived elements. The de
minants of the matrices obtained in this manner have b
shown to display the expected dependence det(M)5gi /gf ,
giving direct evidence for the adiabatic damping of tra
space area.

Some deviations from theoretically predicted matrix e
ments themselves were noticeable, however, especially in
data obtained at lower acceleration gradient. This artifact
well as the slightly larger than expected phase dependenc
the focusing effects, may be due to the beam excursion
the linac not being small compared to the iris apertur
These excursions would be larger for the cases of sma
acceleration gradient and for off-crest phases, as in both
stances the first-order focusing kick encountered by the e
trons at the linac entrance would be smaller. In these ca
the focusing due to the nonsynchronous spatial harmon
which is linear only in lowest order, having a modifie
Bessel function form

Fr;2 (
n52`

`

bnI 1„A2n~n21!k0r …/A2n~n21!k0

~for ultrarelativistic velocities!, grows quickly as a function
of radial displacement. Evidence that the focusing is gen
ally enhanced in this way can be seen in Fig. 2~c!, which
shows the ‘‘focusing kick’’ elementM21; the focusing ap-
pears slightly stronger than that expected from linear theo
The phase dependence of the data shown in Figs. 2 and
not only stronger than expected, but also show a slight as
metry aboutf50, which is also not anticipated from Eq.~4!.
This is likely due to small phase-dependent@Fr;sin(f)# fo-
cusing arising from the speed-of-light space harmonic, wh
is ignored in the approximationvb>c as it gives a net force
proportional tog22 but can be estimated@5# to maximally
change the focusing strength by 5% at the injection ene
for the phases measured.

if-

ic-

;
-

FIG. 6. Determinant of the transverse space map for differ
acceleration gradientsg8. The theoretical predictions are repre
sented by the solid line.
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The quantitative verification of rf focusing effects esta
lishes the experimental basis for an important theoret
component of many beam optic calculations of contempor
interest. Among these calculations, notable applications
clude the optics of the TESLA Test Facility@2#, a linear
collider test accelerator based on superconducting rf stan
wave cavities that are to be run at a maximum field stren
similar to the present experimental values, as well as a
cently developed theory of space-charge dominated b
emittance oscillations in rf photoinjectors@7#. This theory,
which relies on the validity of this rf focusing model as o
of its crucial assumptions, was developed to understand
-

-
al
ry
n-

ng
th
e-
m

he

emittance compensation process@10#, a technique critical to
achieving the beam qualities needed for such application
the x-ray self-amplified spontaneous emission free-elec
laser @11#. Finally, proposed future ultrashort-waveleng
~perhaps laser-based! accelerators may depend on this ty
of rf focusing effect to allow the passage of beams throu
very small apertures@12#.
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